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A CLASSIFICATION OF ONE DIMENSIONAL AFFINE RANK THREE GRAPHS
M. MUZYCHUK
ABSTRACT. The rank three subgroups of a one-dimensional affine group over a finite field were clas-
sified in 1978 by Foulser and Kallaher. Although one can use their results for a classification of corre-
sponding rank three graphs, the author didn’t find such a classification neither in [2] nor in [1]. The goal
of this note is to present such a classification. It turned out that graph classification is much simpler than
the group one. More precisely, it is shown that the graphs in the title are either the Paley graphs or one
of the graphs constructed by Van Lint and Schrijver or by Peisert. Our approach is based on elementary
group theory and does not use the classification of rank three affine groups.
Recall that a rank three graph is an undirected graph Γ the automorphism group of which has rank
three. So, the arc set of such a graph coincides with one of 2-orbits (orbitals) of its automorphism
group.
Let Fq be a finite field of order q = p
r where p is a prime and r is a positive integer. A graph Γ with
point set Fq will be called a one dimensional affine rank three graph if Aut(Γ) ∩ AΓL(1, q) is a rank
three group. In other words, the arc set of Γ coincides with one of 2-orbits of a rank three subgroup
G ≤ AΓL(1, q).
A rank three subgroup G ≤ AΓL(1, q) contains a normal abelian subgroup which coincides with
the additive group F+q of the field. It is a semidirect product G = F
+
q G0 where G0 is the stablilizer
of the zero 0 ∈ Fq. The group G0 is contained in ΓL1(q) ∼= F
∗
q ⋊ 〈φ〉 where φ : x 7→ x
p is the
Frobenius automorphism. Note that G has rank three if and only if G0 has two orbits in its natural
action on F∗q . Let us denote these orbits as O1 and O2. Then the non-reflexive 2-orbits (orbitals) of G
are Cayley graphs over F+q the connection sets of which are O1 and O2. As was mentioned before, all
subgroups of ΓL1(q) with two orbits on F
∗
q were classified in [2]. But the orbits of these subgroups
were not described there. Since orbit partitions of different groups may coincide, it could happen
that the number of such partitions is much less than the number of groups. So, the classification of
orbit partitions might be easier than the one of groups. Surprisingly, this is indeed the case. In this
note we provide a complete classification of the orbits of two orbit affine subgroups. Our approach is
straightforward and is not based on the classification of affine rank three groups obtained in [2].
In this note the group ΓL1(q) is considered as a permutation group in its natural action on F
∗
q . It is
generated by permutations φ and αˆ, α ∈ F∗q where αˆ stands for the mapping x 7→ xα, x ∈ F
∗
q . Note
that the mapping α 7→ αˆ ∈ AΓL1(q) is a group monomorphism and its image F̂∗q is a cyclic subgroup
of AΓL1(q) which acts regularly on F
∗
q .
We start with two main examples of rank three graphs. The first example was discovered in [5] and
will be referred to as the Van Lint - Schrijver graph. It is described in the statement below which in fact
coincides with Lemma 1 in [5]. We give here the proof to make the text self-contained.
Proposition 1. Let p and ℓ be two primes satisfying ordℓ(p) = ℓ−1. Pick an arbitrary positive integer
k and set q := p(ℓ−1)k. Let ω be a generator of F∗q . Then the subgroup G0 = 〈ωˆ
ℓ, φ〉 ≤ ΓL1(q) has
two orbits on F∗q: 〈ω
ℓ〉,F∗q \ 〈ω
ℓ〉.
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Proof. It follows from q =
(
pℓ−1
)k
that pℓ−1− 1 divides q− 1. Since ℓ divides pℓ−1− 1, we conclude
that ℓ | q − 1. Thus C := 〈ωℓ〉 is a subgroup of F∗q of index ℓ.
The subgroup Ĉ has ℓ orbits on F∗q , namely:
C,Cω, ..., Cωℓ−1.
The permutation ωˆℓ = ω̂ℓ fixes each of the orbits setwise while the action of φ on them is equivalent to
the permutation of i 7→ pi, i ∈ Zℓ. It follows from the assumption ordℓ(p) = ℓ−1 that the permutation
i 7→ pi, i ∈ Zℓ has two orbits on Zℓ, namely:{0} and Z
∗
ℓ . Therefore φ fixes the orbit C = 〈ω
ℓ〉 and
permutes transitively the others. 
Remark. The subgroup G0 = 〈ω̂ℓ, φ〉 mentioned in Proposition 1 has a prime index ℓ in ΓL1(q),
and, therefore, is maximal. The graph Cay(F+q , C) is a particular case of a generalized Paley graph [4].
Since Cay(F+q , C) is a rank three graph, it is strongly regular. In the case of ℓ = 2 it coincides with the
classical Paley graph, see e.g. [3]. If ℓ > 2, then the graph is a Latin square graph for odd values of k
and a Negative Latin Square graph if k is even [5].
Proposition 2. Let p ≡ 3(mod 4) be a prime and r an even positive integer. Denote by ω a generator
of F∗q where q = p
r. Then the subgroup G0 = 〈ω̂4, φω̂〉 has two orbits on F
∗
q: C ∪Cω and Cω
2∪Cω3
where C := 〈ω4〉
Proof. The subgroup Ĉ = 〈ω̂4〉 has 4 orbits on F∗q: C,Cω,Cω
2, Cω3. The element φω̂ permutes these
orbits in the following way: C ↔ Cω,Cω2 ↔ Cω3. Now the claim follows. 
Remark. Note that the group G in Proposition 2 has index 4 in ΓL1(q). There are three ways to
coarsen the partition C,Cω,Cω2, Cω3 into a partition with two classes of equal size:
{C ∪Cω2, Cω ∪ Cω3}, {C ∪Cω,Cω2 ∪ Cω3}, {C ∪ Cω3, Cω2 ∪Cω}.
The first partition is an orbit partition of the subgroup 〈ω̂2, φ〉 and yields the Paley graph, the second
and the third one are orbit partitions of the groups G0 and G
φ
0 , respectively. The latter two partitions
were explicitly constructed by Peisert in [7]. All three partitions yield strongly regular graphs with
Paley parameters.
The theorem below proves that the examples described above are the only one dimensional affine
rank three graphs.
Theorem 3. Let Γ be a one dimensional affine rank three graph with point set Fq. Then, up to a
complement, Γ is either the Van Lint - Schrijver, the Paley or the Peisert graphs.
The group ΓL1(q) is a semidirect product F
∗
q⋊ 〈φ〉 which acts naturally on F
∗
q . So, we may consider
a bit more general action, namely, the one of the semidirect product X := Zn ⋊ 〈α〉, α ∈ Aut(Zn) on
Zn:
u(a,α
i) = αi(u) + a.
Pick an arbitrary subgroup Y ≤ X which has exactly two orbits on Zn, say O1 and O2 (we do not
exclude the case when one of them is a singleton). Our goal is to describe all partitions of Zn appearing
in this way. Then we apply the obtained classification to prove Theorem 3.
To formulate the key lemma we need one more definition. A radical Rad(S) of a subset S ⊆ Zn is
defined as the subgroup of Zn consisting of all u ∈ Zn satisfying S + u = S, [6]. Note that for any
partition Zn = O1 ∪O2 we have that Rad(O1) = Rad(O2).
Note that every subgroup N of Zn is normal in X. Its orbits coincide with its cosets and form an
imprimitivity system for X.
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Lemma 4. Let Y ≤ X be a subgroup having two orbits on Zn, say O1 and O2, |O1| ≤ |O2|. Denote
by m the index of Rad(O1) in Zn. Then one of the following holds
(1) m is prime, O1 = mZn and α permutes transitively non-zero elements of the factor group
Zn/mZn ∼= Zm.
(2) m = 4, |O1| = |O2|, O1 is a union of two cosets of 4Zn, α(x + 4Zn) = −x + 4Zn and
{O1, O2} = {4Zn ∪ i+ 4Zn, 2 + 4Zn ∪ −i+ 4Zn}, i ∈ {1, 3}.
Proof. Write Rad(O1) = mZn. If mZn is nontrivial, then we can replace the original action of X on
Zn by the action on the cosets Zn/mZn ∼= Zm. The resulting permutation group will beX = Zn⋊〈α〉
where n = m and α is the automorphism of Zm induced by α . The image Y has two orbits on Zn,
namely: O1 and O2 where Oj = Oj/mZn. Note that Rad(Oj) is trivial now. This observation reduces
the general case to the one with a trivial radical.
Thus starting from now we assume that Rad(O1) is trivial, i.e. m = n. Pick an arbitrary prime
divisor p of n and consider the subgroup P := n
p
Zn, |P | = p . The cosets i+ P, i = 0, ..., n/p − 1 are
blocks of X and, therefore, are blocks of Y too. Thus (i + P ) ∩Oj are blocks of the transitive action
of Y on Oj , j = 1, 2. If some coset i+ P is contained in some Oj , then, it follows from transitivity of
Y on Oj that Oj is a union of P -cosets, contrary to the assumption Rad(Oj) = {0}. Hence, each coset
i+ P intersects every orbit Oj non-trivially. Since (i+ P ) ∩Oj is a block of Y and Y is transitive on
Oj , the number |(i+P )∩Oj| depends only on j. Therefore |Oj | =
n
p
|(i+P )∩Oj|, and, consequently,
n
p
divides |Oj |. If n has two distinct prime divisors, say p and q, then |Oj | is divisible by
n
p
and n
q
.
Therefore |Oj | is divisible by l.c.m.(
n
p
, n
q
) = n, a contradiction. Thus n = pt for some prime p and
|Oj | = p
t−1xj with x1 + x2 = p and x1 ≤ x2.
Since O1 has trivial radical, the group Y ∩ Zn is trivial. Therefore, Y ∼= Y Zn/Zn →֒ 〈α〉. In
particular, |Y | ≤ |〈α〉| ≤ ϕ(n) < n. On the other hand |Y | is divisible by l.c.m.(|O1|, |O2|) =
n
p
l.c.m.(x1, x2) =
n
p
x1x2. Hence
n
p
x1x2 < n =⇒ x1x2 < p =⇒ x1 = 1, x2 = p − 1. Therefore
(p − 1)n
p
= n
p
x1x2 ≤ |Y | ≤ ϕ(n) =
n
p
(p − 1) =⇒ |Y | = ϕ(n) = n
p
(p − 1) =⇒ Y ∼= 〈α〉 ∼=
Z
∗
n =⇒ X
∼= Hol(Zn).
Let y be a generator of Y . Since O1 and O2 are the only orbits of Y = 〈y〉, the permutation y has
two cycles in its cyclic decomposition. One of length |O1| and another one of length |O2|. It follows
from |O1| = p
t−1, |O2| = p
t−1(p− 1) that yp
t−1
acts trivially on O1. Therefore y
pt−1 has at least pt−1
fixed points. If p is odd, then yp
t−1
is a non-trivial p′-element of Hol(Zn). Therefore it has only one
fixed point, and, consequently, t = 1.
Assume now that p = 2. Then, as it was shown before, Z∗2t is cyclic. This is possible only when
t = 1 or t = 2. The rest follows easily. 
Proof of Theorem 3. As in Lemma 4 we assume that |O1| ≤ |O2|. Assume that case (1) of the
Lemma occurs. Then O1 is a subgroup of F
∗
q of prime index ℓ and φ permutes transitively ℓ− 1 cosets
O1ω, ..., O1ω
ℓ−1. Therefore the induced action of φ on the cosets: O1ω
i 7→ O1ω
ip, i ∈ Z∗ℓ is a full
cycle. This implies that ordℓ(p) = ℓ− 1. Together with p
r ≡ 1(mod ℓ) this implies ℓ− 1 | r. Thus O1
is the set described in Proposition 1.
Assume now that the second case of the Lemma 4 occurs. Then both O1 and O2 are unions of
two cosets of an index 4 subgroup C ≤ F∗q and (Cω)
φ = Cω3
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Cωp = Cω3, and, therefore, implies p ≡ 3(mod 4). Together with pr ≡ 1(mod 4) this yields 2 | r.
This yields us the examples described in Proposition 2. 
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